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<n: 

, Abstract. Edge-reinforced random walk (ERRW), introduced by Coppersmith 

■ and Diaconis in 1986 [7], is a random process, which takes values in the vertex 

set of a graph G, and is more likely to cross edges it has visited before. We show 
that it can be represented in terms of a Vertex-reinforced jump process (VRJP) 
with independent gamma conductances: the VRJP was conceived by Werner and 
first studied by Davis and Volkov \W, TU\ , and is a continuous-time process favour- 
I ing sites with more local time. We calculate, for any finite graph G, the limiting 

PLh ■ measure of the centred occupation time measure of VRJP, and interpret it as a su- 

persymmetric hyperbolic sigma model in quantum field theory |15j . This enables us 
to deduce that VRJP and ERRW are strongly recurrent in any dimension for large 
reinforcement, using a localisation result of Disertori and Spencer |14| . 



in 



1. Introduction 



Let (fi, J-", P) be a probability space. Let G = {V, E, ~) be a nonoriented connected 
locally finite graph without loops. Let (ae)ee£; be a sequence of positive initial weights 
^T) ■ associated to each edge e & E. 

Let {Xn)n£Vi be a random process that takes values in V, and let = (t{Xq, . . . , X„) 
be the filtration of its past. For any e G -E, n G N U {oo}, let 

n 

(1-1) ^n(e) =ae + Y^ I{{X,_i,X,}=e} 

[ be the number of crosses of e up to time n plus the initial weight Og. 

^ '. 

Then (X„)„gpj is called Edge Reinforced Random Walk (ERRW) with starting point 
io & V and weights {ae)e£E, if -^o = "^o and, for all n eN, 

Zn{{Xn,j}) 



[1.2] P(X„+i=j I J-„) = l 



The Edge Reinforced Random Walk was introduced in 1986 by Diaconis [7]; on 
finite graphs it is a mixture of reversible Markov chains, and the mixing measure 
can be determined explicitly (the so-called Coppersmith-Diaconis measure, or "magic 
formula" see also [T6 | l27 ] ). which has applications in Bayesian statistics [T3|[T|[2]. 

On infinite graphs, the research has focused so far on recurrence/transience criteria. 
On acyclic or directed graphs, the walk can be seen as a random walk in an indepen- 
dent random environment [25], and a recurrence/transience phase transition was first 
observed by Pemantle on trees [H [T71 [25j. In the case of infinite graphs with cycles. 
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recurrence criteria and asymptotic estimates were obtained by Merkl and RoUes on 
graphs of the form Z x G, G finite graph, and on a certain two-dimensional graph 
[211 1221 I2B], but recurrence on was still unresolved. 

Also, this original ERRW model [7j has triggered a number of similar models of 
self-organization and learning behaviour; see for instance Davis [8j, Limic and Tarres 
[M [20], Pemantle [26j, Sabot [29^ Tarres [32] |33j and Toth with different 
perspectives on the topic. 

Our first result relates the ERRW to the Vertex- Reinforced Jump Process (VRJP), 
conceived by Werner and studied by Davis and Volkov [HI HU] , CoUevechio [21 E] and 
Basdevant and Singh [3J. 

We call VRJP with weights {We)eeE a continuous-time process (Vt)t^o on starting 
at time at some vertex & V and such that, if F is at a vertex i & V at time t, 
then, conditionally on {Ys,s ^ t), the process jumps to a neighbour j of i at rate 
W{ij}Lj{t), where 

Ljit) :=1+ / l{Y.=j}ds. 
Jo 

The main results of the paper are the following. In Section 2, Theorem [H we 
represent the ERRW in terms of a VRJP with independent gamma conductances. 
Section 3 is dedicated to showing, in Theorem [21 that the VRJP is a mixture of 
time-changed Markov jump processes, with a computation of the mixing law. In 
Section 6, we interpret that mixing law with the supersymmetric hyperbolic sigma 
model introduced by Disertori, Spencer and Zirnbauer in [15] and related to the 
Anderson model. We prove strong recurrence of VRJP and ERRW in any dimension 
for large reinforcement in Corollaries [1] and [21 using a localization result of Disertori 
and Spencer [14] . 



2. From ERRW to VRJP. 



It is convenient here to consider a time changed version of {Ys)s^o'- consider the 
positive continuous additive functional of {Ys)s^o 

In Lv (U) 

and the time changed process 

Let {Ti{t))i(zy be the local time of the process {Xt)t^o 

Tx{t) = / l{Xu=x}du. 
Jo 

Lemma 1. The inverse functional A"'^ is given by 

A-\t) = re^^"(^)rfM = V(e^^(*) - 1). 

The law of the process Xt is described by the following: conditioned on the past at 
time t, if the process Xt is at the position i, then it jumps to a neighbor j of i at rate 
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Proof. First note that 

(2.1) T,{A{s))=\og{L,{s)), 



since 



Hence, 



which yields the expression for A^^. It remains to prove the last assertion: 

F{Xt+dt = = P(>A-i(t+dt) =j|^t) 

= Wx,,M-'nt)L,{A-\t))dt 

□ 

In order to relate ERRW to VRJP, let us first define the following process 
initially introduced by Rubin, Davis and Sellke [SI EI], which we call here continuous- 
time ERRW with weights {ae)e&E and starting at Xq := io at time 0. 

• Define on each edge e & E independent point processes (alarm times) as 
follows. Let {T^)e&E,k&z+ be independent exponential random variables with 
parameter 1 and define 

1=0 ^ 

• Each edge e E E has its own clock, denoted by Te{t), which only runs when 
the process {Xt)t^Q is adjacent to e. This means that if e = then 
T{i jj{t) = Ti{t) + Tj{t), where Ti{t) is the local time of the process X at vertex 
i and time t. 

• When the clock of an edge e E E rings, i.e. when Te(t) = for some A; > 0, 
then Xt crosses it instantaneously (of course, this can happen only when X is 
adjacent to e). 

time-line of 
^ ► eo 



ei 

62 



re2 



I — . . . . . ► 63 

Let r„ be the n-th jump time of {Xt)t^Q, with the convention that Tq := 0. 

Lemma 2. (Davis [8J, Sellke [21]^ Let {Xn)nm (resp. {Xt)t^o) be an ERRW (resp. 
continuous-time ERRW) with weights {ae)e&E, starting at some vertex io € V. Then 
{Xr„)n^o and (X„)„^o have the same distribution. 
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Proof. The argument is based on the memoryless property of exponentials, and on 
the observation that, if A and B are two independent random variables of parameters 
a and b, then F[A < B] = a/ {a + h). □ 

Theorem 1. Let {Xt)t^o he a continuous-time ERRW with weights {ae)e&E- Then 
there exists a sequence of independent random variables We ~ Gamma{ae, 1), e & E, 
such that, conditionally on {We)e&E, {Xt)t^Q has the same law as the time modification 
{Xt)t^Q of the VRJP with weights {We)eeE- 

In particular, the ERRW (X„)„^o is equal in law to the discrete time process asso- 
ciated with a VRJP in random independent conductances Wg ~ Gamma{ag, 1). 

Proof. For any e G -E, define the simple birth process {N^,t ^ 0} with initial popu- 
lation size Oe, by 

N;; := ae + sup {k eN s.t. ^ t} . 
This process is sometimes called the Yule process: by a result of D. Kendall [TH], there 
exists We '■= limiVte"*, with distribution Gamma{ae,l), such that, conditionally on 
We, {Nj^ ^ 0} is a Poisson point process with unit parameter, where 

fw{t) :=log(l + t/H^). 

Let us now condition on {We)eeE'- Ne increases between times t and t + dt with 
probability WeC^ dt = (/i^^)'(t) dt. A similar characterization of the timelines is also 
used in |i33]. Lemma 4.7. If X is at vertex x at time t, it jumps to a neighbour y oi x 
at rate Vr^,ye^-W+^«W. □ 

3. The mixing measure of VRJP. 

Next we study VRJP. Given fixed weights {We)e£E, we denote by {Yt)t^o the VRJP 
and {Xt)t^Q its time modification defined in the previous Section, starting at site 
Xq := iQ at time and (Tj(t))jgv' its local time. 

It is clear from the definition that the joint process 0^ = {Xf, (Tj(t))jgv') is a time 
continuous Markov process on the state space V x with generator L defined on 
bounded functions by 

L{f){^,T) = (A/^ (z,r) + L(r)(/(.,r))«, V(x,T) eVxR^, 

where L(T) is the generator of the jump process on V at frozen T defined for g G MX: 
L{T){g){{) = Y^W,,e^^+^^{g{3)-g{{)), G V. 

We denote by Pio,r the law of the Markov process with generator L starting from the 
initial state (io, T). 

Note that the law of (Xt,T(t) — T) under Pi(,,T is equal to the law of the process 
starting from (ig, 0) with conductances 

W^^ = Wije^^+^K 

For simplicity, we let Pj := Pj_o- 

We show, in Proposition [H that for finite graphs the centred occupation times 
converge a.s., and calculate the limiting measure in Theorem [2] i). In Theorem [2] ii) 



we show that the VRJP (Kj)s>o (as well as (Xj^^o) is a mixture of time-changed 
Markov jump processes. 

This limiting measure can be interpreted as a supersymmetric hyperbolic sigma 
model. We are grateful to a few specialists of field theory for their advice: Denis Perrot 
who mentioned that the limit measure of VRJP could be related to the sigma model, 
and Krzysztof Gawedzki who pointed out reference [15], which actually mentions 
a possible link of their model with ERRW, suggested by Kozma, Heydenreich and 
Sznitman, cf [15] Section 1.5. 

Note that when G is a tree, if the edges are for instance oriented towards the root, 
letting Ve = e^~~^-, the random variables (V^) are independent and are distributed 
according to an inverse gaussian law. This was understood in previous works on VRJP 

[101 El El [3]. 

Theorems [T] and |2] enable us to retrieve, in SectionElthe limiting measure of ERRWs, 
computed by Coppersmith and Diaconis in [7J (see also [H]), by integration over the 
random gamma conductances {We)e&E- This explains its renormalization constant, 
which had remained mysterious so far. 

Proposition 1. Suppose that G is finite and set N = \V\. For all i the following 
limits exist Pj^ a.s. 

= hm T,(t) - ^ 
Theorem 2. Suppose that G is finite and set N = \V\. 

i) Under Fi^, {U.i)ii^v has the following density distribution on Hq = {{ui), = 0} 

(3-1) (2vr)(^-i)/^ ^""^""''^"'^-^^^' 
where 

H{W,u) = 2 J2 W^ijsinh^ -^z,)") 
and DiyV^u) is any diagonal minor of the N x N matrix M{W,u) with coefficients 



ii) Let G, resp. D, he positive continuous additive functional of X , resp. Y: 

C(t) = 5^(e^^»W - 1), D{s) = J2l%s)-1 
iev iev 

and let 

Zt = Xc-i(t) (= Yd-'^H))- 
Then, conditionally on (f/j)jgy, Zt is a Markov jump process starting from iq, with 
jump rate from i to j 

2 

In particular, the discrete time process associated with (K;)s^o is a mixture of reversible 
Markov chains with conductances Wije^*~^^^ . 
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N.B.: 1) the density distribution in (13.11) is with respect to the Lebesgue measure on 
"Ho which is IliGyviio} choice of jo in V- We simple write du for any of the 

2) The diagonal minors of the matrix M{W, u) are all equal since the sum on any line or 
column of the coefficients of the matrix are null. By the matrix-tree theorem, if we let 
Tbe the set of spanning trees of (V, E, ~), then D{W, u) = J^TeT j}eT ■ 

Remark 1. Remark that usually a result like ii) makes use of de Finetti's theorem: 
here, we provide a direct proof exploiting the explicit form of the density. In Section 5, 
we apply TheoremUl and Theorem\^i) ii) to give a new proof of Diaconis- Coppersmith 
formula including its de Finetti part. 

Remark 2. The fact that liS. 1\) is a density is not at all obvious. Our argument is 
probabilistic: liS. 1\) is the law of the random variables (Ui). It can also be explained 
directly as a consequence of supersymmetry, see (5.1) in [15j. The fact that the mea- 
sure \3. 1\) normalizes at 1 is a fundamental property, which plays a crucial role in the 
localization and derealization results of Disertori and Spencer [T H [T5 ] . 

Remark 3. ii) implies that the VRJP {Yg) is a mixture of Markov jump processes. 
More precisely, let {Ui)i^v be a random variable distributed according to licl.l]) and, 
conditionally on U, Z be the Markov jump process with jump rates from i to j given 
by ^Wije'^^~^\ Then the time changed process {Z^-i{s))s^o with 

Bit) = E + W - 1' 

iev 

where (/f (t)) is the local time of Z at time t, has the law of the VRJP {Ys) with 
conductances W . 

4. Proof of the Proposition [U and Theorem [2] 

4.1. Proof of Proposition [H By a slight abuse of notation, we also use notation 
L(T) for the N x N matrix M{W^,T) of that operator in the canonical basis. Let I 
be the N x N matrix with coefficients equal to 1, i.e. Ijj = 1 for all i, j G V, and let 
I be the identity matrix. 

Let us define, for all T G M^, 

(4.1) ^^^^ ~ ri'^''^' ~ ^) 

which exists since e"^^"^^ converges towards I/A^ at exponential rate. 

Then Q{T) is a solution of the Poisson equation for the Markov Chain L{T), namely 

L{T)Q{T) = Q{T)L{T) = I - ^. 

Observe that L{T) is symmetric, and thus Q{T) as well. 

For all T G and i, j G V , let Ejijj) denote the expectation of the first hitting 
time of site j for the continuous-time process with generator L{T). Then 

Qin,j = ^Ef{T,) + Q{T),, 



by the strong Markov property applied to (14.11) . As a consequence, Q{T)j j is nonpos- 
itive for all j, using ^.^^ Q{T)i,j = 0. 

Let us fix / G V. We want to study the asymptotics of Ti{t) — t/N as t — )■ oo: 
m = f (l{x„=z} -J^)d^ = j\L{T{u))Q{T{u)))x^,i du 



t rt 



L{Q{.)j){X^,T{u))du- I ^Q{T{u))x^,idu 

[ dTx. 



(4.2) = Q{T{t))xa - Q{0)xo,i + Mi{t) - f ^Q{T{u))x^,i du, 



where 

Mi{t):=-Q{T{t))x„i + Q{0)x„i+ I L{Q{.)j){X^,T{u))du 



is a martingale for all /. Recall that L is the generator of {Xt,T{t)). 

The following lemma shows in particular the convergence of Q{T{t))k i for all k, I, 
as t goes to infinity. It is a purely determistic statement, which does not depend on 
the trajectory of the process Xf (as long as it only performs finitely many jumps in a 
finite time interval), but only on the added local time in W^. 

Lemma 3. For all k, I E V , Q{T{t))k,i converges as t goes to infinity, and 

^ -Q{T{u))x.,i 



dT 



du < oo. 



Proof. For all i, k, I G V, let us compute -^Q{T)k,i '■ by differentiation of the Poisson 
equation, 

'Qm,. = - (q(T) QiT) 



Now, for any real function / on V, 



k,l 



— L/(A;) = <^ Wr^,{f{i) - f{k)) iik^i^k^i 
y otherwise. 

Hence 

and, therefore, 

-§^Q{T)u,i = Y. Wl,MT)k, - Q{T\,){Q{T\i - Q{T),,i) 

(4.3) = W^!;Q(T).,v,,Q(T)v,,,. = WZQ{T)^.MTh.,,,u 

where we use the notation fCVij) := f{j) — f{i) in the second equality, and the fact 
that Q{T) is symmetric in the third one. 

In particular, for all I E V and t ^ 0, 
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Now recall that Q{T{t))i i is nonpositive for all t ^ 0; therefore it must converge, and 

POO 

/ E iQ(nt)h.,.„iY dt = (g(T(oo)) - g(o))M < oo. 

The convergence of Q{T{t))i^^i now follows from Cauchy-Schwarz inequality, using 
dM]): for all t ^ s, 

J S ■ \r 



^ ^{QiTit)) - Q{T{s)))u^u^{Q{T{t)) - Q{T{s))\u 



thus Q{T{t))k,i is Cauchy sequence, which converges as t goes to infinity. Now, using 
again Cauchy-Schwarz inequality, 

d 



dT 



-Q{T{u))x^,. 



du 

du 



/EWmoo)) -Q(T(0)))fc,,^(Q(T(oo)) -g(T(0)))z,z, 



which enables us to conclude. □ 

Next, we show that {Mi{t))t^Q converges, which will complete the proof: indeed, 
this implies that the size of the jumps in that martingale goes to a.s., and therefore, 
by (14. 2p . that Q{T{t))xt,i must converge as well, again by (14. 2p . 

Let us compute the quadratic variation of the martingale {Mi[t))t^o at time t: 
^E{{Mi{T{t + e))-Mi{t))'\Tt) 

/ e=0 

= (^E {{Q{T{t + e))x,,a - Q{T{t))xa?\J't) ^ 

= R{T{t))xa 

where, for all (i, /, T) G 1/ x 1/ x M^, we let 

R{T)iy.= L{Q\)j){i,T)-2Q{T)uL{Q{)j){i,T)- 

here Q'^{T) denotes the matrix with coefficients (Q(T)jj)^, rather than Q{T) composed 
with itself. But 



L{QX).,)i^,T) = 2{QiT)\, ( -^Q{T) ] + {L{T)Q\T).,{^)) 

d 



Q{T\iL{Q{.)j){i,T) = {Q{T)\, ( t^Q(T) ) + Q{T\i{L{T)Q{T).,i{i)\i 



/ ii 



so that 

R{T),^i = L{T){Q\T)j),^i - 2Q{T\i{L{T)Q{T)j\i 

using (14. 3 P in the last equahty. Thus 

/"°° d 

< Ml, Ml >oo= J ^Q(«)m = QiT{oo))i,i - Q{Oh ^ -g(0)/,z < oo. 

Therefore (M/(t))t^o is a martingale bounded in L^, which converges a.s. 

Remark 4. Once we know that Ti{t) — t/N converges, then Tj(oo) = oo for all 
i E V, hence Q(T{oo))i^i = 0, and the last inequality is in fact an equality, i.e. 
< Ml, Ml >^= -Q{0\i. ' 

4.2. Proof of Theorem [2] i). We consider, for io e V , T e M.^ , X e Ho 

(4.5) ^(zo,T,A)=/ e"'oe^<^'^>0(iy^,M)ciM, 

J-Ho 

where 

(4.6) (j){W^, u) = e-^(^^'") ^D{W^,u), 
and W^j = Wije^^'^'^^. We will prove that 

L_v^(zo,T,A)=E,,,r (e^<^'^>), 



/2tt 

for all ioeV,T e M^. 

Lemma 4. The function ^ is solution of the Feynman-Kac equation 

i\,^{io,T,X) + {m){io,T, A) = 0. 

Proof. Let Ti = Ti — Sjev -^i- With the change of variables Ui = Ui + Ti, we obtain 

(4.7) ^{io,T,\)= f e^'o-^^oe'<^^^-^>(j){W^,u-T)du 

Remark now that H{W^,u — T) = H{W^,u — T) since H{W'^ ,u) only depends on 
the differences Ui — Uj. We observe that the coefficients of the matrix M{W'^, u) only 
contain terms of the form PFjje"*"'""^'^'"^^'^^ , hence 



'D{W^, u-T) = e— ^/D{W,u). 
Finally, < A,T >=< A,T > since A G "Ho- This implies that 
(4.8) ^{to,T,X)= [ eS^^^e"'o-^«oe^<^.«-^>e-^(^"^-^)v/D(l^,M)rfM. 

J-Hn 
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We have 



^ H{W'',u-T) 



d 



(2 J2 W^.e"^'^^^ smh' (^-{ 



Ui - Uj -Ti + Tj) 

2 ^^oje"^'"^^^ (sinh^ Q« - - T^, + TM - i sinh {u,, - uj - T,, + T,) j 



= e-("'o-^'o)L(T)(e"-^)(«o). 
Hence, 



'J J- 10 



^(^o,T,A) 



= zA,„vi/(^o,T,A) + (L(T)vl/)(^o,T,A). 
This gives 

(L^)(zo,T, A) = -zA,„^(zo,T, A). 

□ 

Since \1/ is a solution of the Feynman-Kac equation we deduce that for all t > 0, 



^(^o,T, A) = E,„,T (e*<"''^W>^(Xi,T(t), A) 



where we recall that Tj(t) = Ti{t) — t/N. Let us now prove that T(t), A) is 

dominated and that Pjg a.s. 

I N-l 

(4.9) lim *(Xi,T(t),A) = . 

By the matrix-tree theorem, we have, denoting by T the set of spanning trees of G, 
and using again notation in (14. 6p . 



(4.10) 



Y Aer {i,j}GA 
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This is a gaussian integrand: for any real a and Iq G V , 

J-Ho 



where Q{T) is defined at the beginning of Section 4.1. Therefore for all io G V, 

|vi/(zo,T,A)| ^2^^(27 
Using (14. 4p . Q{T{t))i^i increases in t, hence 



,^|(JV-l)/2g-i7V2Q(T)i,i 



iAf2Q(0)i,i 



|vi/(X„T(t),A)|^25^(27r)(^-i)/V5 
for all t ^ 0. Let us prove now (14. 9p . We have 



Changing to variables ttj = e^^^Ui, we deduce that \E'(Xt, T(t), X) equals 



Since linif^^oo ^il^) = Ui, the integrand converges pointwise to the Gaussian integrand 



-N-l 



whose integral is \'2tt . Consider Ui = supjj,QTj(t) and = infj^o^i(^)- Pi'o- 
ceeding as in f l4.10p the integrand is dominated for all t by 



which is integrable, which yields (14.90 by dominated convergence. 

4.3. Proof of Theorem [2]ii). The same change of variables as in ( 14. Sp . applied to 
Tj = logAj, implies that, for any jo ^ ^ and {Xi)i^v positive reals, 



27r 

is the density of a probability measure, which we call u^'^" (using that (13. ip defines a 
probability measure). Remark that this density can be rewritten as 



2vr'^- 



i.g«,„-log(A,Jg-i E,., W^.,,(A2e".-"-A,A,) 
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Let (f/j) be a random variable distributed according to (13. ip . and, conditionally on U, 
let (Zf) be the Markov jump process starting at i^, and with jump rates from i to j 

2 

Let {J^f)t^o be the filtration generated by Z, and let be the law of the process Z 
starting at i, conditionally on U. 

We denote by {li{t))i^v the vector of local times of the process Z at time t, and 
consider the positive continuous additive functional of Z 

B{t) = f \ ] du = y: {v^tw) - 1) , 

and the time changed process 

Let us first prove that the law of U conditioned on is 
(4.11) jC{U\J^f) = z/^W'^*, 



where Aj(t) = y 1 + li{t). Indeed, let t > 0: if ri, . . . , TK(t) denote the jumping times 
of the Markov process Zt up to time t, then for any positive test function. 



k=0 ii,...,!). 1=0 



'[0,t] 

with the convention tk+i = t. Hence, for any test function G, 



E{G{U)\J^f) 



Using that we can write H(W, u) = ^ J^i^v Xlj^il^"^ and introducing adequate 

constants in the numerator and denominator we have 



E(G(t/)|J-f) 



(recall that Ai(t) = a/1 + /j(t)). The denominator is 1 since it is the integral of the 
density of This proves (14. lip . 

Subsequently, by ( 14.111) . conditioned on (J^f), if the process Z is at i at time t, 
then it jumps to a neighbour j of i with rate 

2 ^ ^2 '^Ai(t) 

In order to conclude, we now compute the corresponding rate for Y: by definition. 



u 
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Therefore, similarly as in the proof of Lemma [H 

= Wy^,X,iB-\s))ds. 
Let {li{s)) be the local time of the process Y. Then 



This implies 



(4.12) k{B{t)) = ^/l + k{t)-l 

and 

This means that the annealed law of Y is the law of a VRJP with conductances {Wij) 
(this is the content of remark [3]) . 

Therefore, the process defined, for all t ^ 0, by 1^-1(4) = Z(^oB)-i(t)5 is equal in law 
to {Xt)t^o; let us denote by T its local time, and show that Tj(t) — t/N converges to 
Ui as t — > cxD, which will complete the proof. 

First note, using (lO) and fl4.12p . that, for all i G l^, 

T,((A o B){t)) = log{h{B{t)) + 1) = log(l + h{t))/2. 

On the other hand, conditionally on U, the Markov Chain Z has invariant measure 
(Ce^^Oiev, := (E^eye^^O"^ so that kit) / {Ce^^H) converges to 1 as t ^ cx), for 
all i e V. 

Therefore, for all i E V, 

T,(t)-T,„(t) = ;Tlor' ' ^" 



2 " Vl + ^.((^°5)-n^)), 
which converges towards Ui — Ui^ as t — )■ oo, which enables us to conclude. 



5. Back to Diaconis-Coppersmith formula 



It follows from de Finetti's theorem for Markov chains [12] that the law of the 
ERRW is a mixture of reversible Markov chains; its mixing measure was explicitly 
described by Coppersmith and Diaconis ([7j, see also [T6| |27]). 

Theorems 1 and 2 enable us to retrieve this so-called Coppersmith-Diaconis formula, 
including its de Finetti part: they imply that the ERRW (X„)„gN follows the annealed 
law of a reversible Markov chain in a random conductance network Xij = Wije^^~^^^ 
where We ~ Gamma{ae, 1), e G -E, are independent random variables and, condi- 
tioned on W, the random variables (f/j) are distributed according to the law (13. ip . 

Let us compute the law it induces on the random variables (xe)- The random vari- 
able (xe) is only significant up to a scaling factor, hence we consider a 0-homogeneous 
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bounded measurable test function 0; by Theorem 2, 

E(0((x,))) 
1 

(x) 



2n JRfxno 



llr(a,) e J V y J ^ 
where we write ^ = YleeE Changing to coordinates Ui — Ui — yields 

C{a) [ (j){x) ( rr W^^e-^^ ] e-^>^»o"yD(iy,M)e- 

with rfw = n^^.^ dui and C(a) = ^^4v^ (jl^^^ j^). But 



2 

eeE {i,j}eE 



The change of variables 
with = 1 implies 



ee_E iev 

where Xi = Ylijr^i^i,3^ ^"^^ ^ (^^((^e))) is equal to the integral 

with Oj = -^(^) determinant of any diagonal minor of the N x N matrix 



and 



Let Co be a fixed edge: we normalize the conductance to be 1 at Cq by changing to 
variables 



with y^^ — \. Now, observe that 



nt^ n^^ - n f nf 

We deduce that E (0((a;e))) equals the integral 
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with ^ = n J — and — = TT v-i/ — • Therefore, integrating over the variables 



^T^eo Ve z llisy z. 

where 

^""^ vr(^-i)/2 ne.i.r(ae) 
which is Diaconis-Coppersmith formula: the extra term {\E\ — 1)! in [TB| [T3] arises 
from the normalization of {Xe)e£E on the simplex A = {Y^Xe = 1} (see Section 2.2 
[13]). 

6. The supersymmetric hyperbolic sigma model 

We first relate VRJP to the supersymmetric hyperbolic sigma model studied in 
Disertori, Spencer and Zirnbauer [T5| [Ti] . For notational purposes, we restrict our 
attention to the rf-dimensional lattice, that is, our graph is Z'^ with x ^ y if \x—y\i = 1. 
We denote by E the set of edges E = {{i,j}, i ~ j}. For a subset A C Z'' we denote 
by E'a the set of edges with both extremities in A. 

We start by a description of the measures defined in [T5| [Ti] . Let 1/ C Z*^ be a 
connected finite subset containing 0. Let /3j i,j & V, i ^ j be some positive weights 
on the edges, and e = {ei)i^v be a vector of non-negative reals, e 7^ 0. Let fiy^ be a 
generalization of the measure studied in [2] (see (1.1)-(1.7) in that paper), namely 



e,/3 

where Ay^ = A^'^ and Dy^ = D^'^ are defined by, for all i, j G V^, by 

fo K-j|>i 

^^(Vt):= 5^ A,(cosh(t,-t,)-l) 

^y(^) :=Xl^^(coshti-l)- 

The fact that ^y^ is a probability measure can be seen as a consequence of supersym- 
metry (see (5.1) in |15j). This is also a consequence of Theorem [2] i) , cf later. 

The measure ^y^ is directly related to the measure (13.11) defined in theorem [2] as 
follows. Let add an extra point 5 to ^, ^ = \^U{5}, and extra edges {i, 5} connecting 
any site i eV to 5, i.e. Ey = Ey U Ui^y{i, 6}. Consider the VRJP on V starting at 
6 and with conductances Wij = Pij, if z ~ j in V, and Wi^s = ^i- Let us again use 
notation {Ui)^^y for the limiting centred occupation times of VRJP on V starting at 6, 
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w 



and consider the change of variables, from Hq into M , which maps Ui to tj := Ui — Us- 
Then, by Theorem [2], for any test function 0, 

- Us)) = ^^^^ ^ - W5)e"*e-^(^'")/D(W:^ciu 
= /if , 

which means that U — Us is distributed according to fiy^. Indeed, let l be the canonical 
injection MX — )■ MY; then Ay is the restriction to x \^ of the matrix M{W, L{t)) 
(which is onVxV) (so that det A'y = D{W, L{t))), and Fy(Vt) + Mf (t) = H{W, L{t)). 

We will be interested in the VRJP on finite subsets of Z"' starting at 0. In order 
to apply directly results of |14) we consider the VRJP on Z'* with an extra point 6 
uniquely connected to and with Wq^s = Co = 1? = z ~ j in Z'^. Clearly, 
the trace on Z'^ of the VRJP starting from 6 has the law of the VRJP on Z'^ starting 
from 0. When V contains the limiting occupation time U — Us of the VRJP on 
V = VU{6} starting at S is then distributed according to dfiy'^ , where 6o is the Dirac 
at 0. 

Set, for all (3 > 0, 

:= ^ r J^^-P{cos^t-i)^ 
J-oo v2n 

which is strictly increasing in /3. Let be defined as the unique solution to the 
equation 

Il,.e^'^'^''\2d-l) = l 

for all (i > 1, := cx) if (i = 1. 

If the parameters /3e are constant equal to /3 over all edges e, then Theorem 2 in 
[14j readily implies that VRJP over any graph Z'^ is recurrent for /3 < (i.e. for 
large reinforcement). 

Theorem 3 (Disertori and Spencer |14| . Theorem 2). Suppose that (3e = P for all e. 

Then there exists a constant Co := 2d/(2d — 1) > such that, for all A C Z'^ finite 
connected containing 0, x E A, < (3 < (3^, 

^vSo,P (e*^/2) ^ Col, [I^e^^''~'\2d-1)]^''^ . 

Corollary 1. For < /3 < (3^, let {¥„) be the discrete time process associated with 
the VRJP on starting from with constant conductance [3. Then (y„) is a mixture 
of reversible strongly recurrent Markov chains. 

Proof. We prove this for the VRJP on Z*^ with an extra point 5 connected to only, 
and conductances W^.y = P and Wq^ = 1, which is clearly stronger. On a finite 
connected subset C Z'^ containing 0, we know from Theorem [2] that {Yn)n&'N, the 
discrete-time process associated with {Ys)s^o, is a mixture of reversible Markov chains 
with conductances c^^y = /3e*"'"^*'', where (tx)x'ey has law yUy''^. 
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Now Theorem |3] implies that ^y'^ {{ce/ cs^Y^'^) decreases exponentially with the 
distance from e to 0: indeed, by Cauchy-Schwarz inequality, 

^ C Lt?'^(e*-/2)^5o,/3(gi(cosh{to)-l)gt,/2)j'/' 

for some C > such that \z\ ^ 41ogC + cosh(2;) — 1. This implies that there exists 
constants Ci > 0, C2 > 0, such that ^iy^{{cx,y/csfl) > e~'^^'^') ^ q-c2\x\_ Following 
the proof of lemma 5.1 of [22j it implies that (1^) is a mixture of strongly recurrent 
Markov chains. □ 

By Theorems [1] and O the ERRW with constant initial weights a > corresponds 
to the case where {Pe)eGE are independent random variables with Gamma(a, 1) distri- 
bution for some parameter a > 0: we can infer a similar localization and recurrence 
result for a small enough. This requires an extension of Theorem [3] for random gamma 
weights (/9e)ee-B- we propose one in the following Proposition |2l in the same line of 
proof as in [14]. 

Proposition 2. Let a be a positive real, and assume that the conductances {Pe)e<^E o-f^ 
i.i.d. with law Gamma{a, 1). Denote by E the expectation with respect to the random 
variables {f3e)eGE- For all d ^ 1, there exists a'^ > 0, S E (0, 1), such that if a < af, 
there exists Cq > depending only on a and d such that for all x ^ y, 

independently on the finite connected subset A containing and x, y. 

Corollary 2. The ERRW on Z*^ starting at with constant initial weight a > 
is a mixture of strongly recurrent Markov chains for a < a'^ ( where is defined in 
Proposition^^) . 

Remark 5. Corollary\^ also holds on any graph of bounded degree, and for possibly 
non-constant weights {ae)e&E with Qe < ac for some > 0. Indeed, the proof of 
Proposition^^ also holds for independent (not necessarily i.i.d.) conductances (/3e) 
with E(y^(log(l + sufficiently small, when the graph is of bounded degree. 

Proof. (Proposition |2]) The strategy is to follow the proof of [14J, Theorem 2, and to 
truncate the random variables Pe at adequate positions. For convenience we provide 
a self-contained proof but the only new input compared to [14], Theorem 2, lies in 
the threshold argument (l6.5H6.7p . Let us define, for any A C Z'^, (ej)igA G 

which is not a probability measure in general. 

We fix now a finite connected subset A C Z*^ containing 0, and x. Let F^^ be the 
set of non-intersecting paths in A from to x. For notational purposes, any element 
7 in F^. is defined here as the set of non-oriented edges in the path. We let A^ and 
A^^ be respectively the set of vertices in the path and its complement. We say that an 
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edge e is adjacent to the path 7 if e is not in 7 and has one adjacent vertex in 7, i.e. 
if e = with i G A^, j ^ A^; we write e ~ 7. 

We first proceed similarly to (3.1)-(3.4) in [14J, Lemma 2. Let 7a be the set of 
spanning trees of A. By the matrix-tree theorem 

TsTa {i,j}eT 

In a spanning tree T there is a unique path between and x G A. Decomposing this 
sum depending on this path we deduce 

7er, \{i,i}e7 / r'er^^ {i,j}eT' 

where 7^ is the set of subsets T' C E/<^ \ 7 such that 7 U T' is a spanning tree. By the 
matrix-tree theorem, we have 

(6.1) n %,}e*'+*^ = det(A^^) 

where (ei)jgA^ is the vector defined by 

ei:= J2 %,fc}e*N Vi G A 



c 
7 



It follows that 



(6.2) det = r/e-*- E ( H ) I^l'f • 

7erj: \ee7 / 

Let us define, similarly as in (2.12) and (2.14) in [T5], for = t\\^^ the restriction 
of t to the vertices on the path 7, 

(6.3) Z2;f (t,) := .4-^ (^^;^e-<(^*)) 

^97(V^) - E /3A=j(cOsh(t, - h) - 1). 

feeAT,,jeA=,fc~j 

Now 

(6.4) ^ E f n V^) (^7)) , 

7er^ \e67 / 

using (16. 2p in the second equality and, in the inequality, that for all 7 G r^.. 

The new argument compared to theorem [3] which allows to handle the case of 
random parameters (3 is the following truncation. Given 7 G r^^, let (/9e) be the set of 
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random variables defined by 

5 J min(/3e,l), if e ~ 7, 

(6.5) /3e = < 

I 13 e, otlierwise. 

First note tliat, trivially, 

(6.6) e-<(^*) ^ e-<(^*). 
On the other hand, identity (16. ip implies that 

(6.7) det(Dlf ) ^ det(Dif ) | JJ max(/3e, 1) 
where (ej)jgA^ is the vector defined by 

(In the last argument we used that, for any {i,j} adjacent to 7, Pij = max(l, Aj)). 
Therefore 

(6.8) Zl^{t^) ^ Zlf{t^) II v/max(/3e, 1) 

with Z'J^f{t^) defined as in (16. 3p with e, /3 replaced by e,f3. Hence we can replace P 
by /3 at the cost of the term Yler^-/ ■\/iiiax(/3e, 1). 

The following lemma, which adapts Lemma 3 [14], provides an upper bound of 



Lemma 5. For any configuration of = t|A^, Zj^flt^) ^ e^'^-T^" 
Proof. We have 



Zlf{t,)= I I n^^U-<^(^*)-<(^^/det(D^'^^ 



V Ac 

^7 ' / \ ,/27r / V ^ 

Let t* = maxjtfc, k G A^}. We perform the following translation in the variables 
tj — )■ tj + t* for j G A^j,: in the previous integral the term F^c (Vt) does not change. 



the term Fq CVt) becomes 



97^ 

J2 Pkjicosh{tj + t* - tk) - 1] 



and the term det(D^'f ) is replaced by det(D^c ^'^)- Since t* — ^ we have 

cosh(tj +t* -tk)-l^ e*'="**(cosh(tj) - 1) + (e*'=-** - 1). 
This implies that 

J2 ^fc,(cosh(t, +t*- h) - 1) ^ Mlf'it) + J2 M^^'"''* - 1)' 
fcGA^ jeA^,fc~j fceA^,j6A=,fc~j 

and 
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— t* ~ a 

using that /iy^c ' is a probabihty measure. □ 



Combining (16. 4p . (16. 8p . Lemma O and integration on the variables (Vte)ee7; we 
obtain that 

7era: \e~7 / \e67 / 



We set 

1 \ poo 



Tin + -) 

h = Wp) = / COsh(t)-'^-5dt, 

r(a) i-oo 



and 

Ja = E(max(/3,l)e™°('''^)). 

where /3 is a gamma random variable with parameter a. Clearly, la and Ja tend 
respectively to and 1 when a tends to 0. Integrating on the random variables /3e we 
deduce that there exists a constant Cq such that 

E (/if '^(e*^/^)) ^ Co [ia{Jar-'{2d-l))^^^ , 
for any y ^ x. This provides the exponential decrease for all a > such that 

ia{JaY'-\2d -1)<1. 

□ 

Proof. (Corollary [2]) For any connected finite set A containing 0, by Theorems [1] and 
|2l the ERRW on A starting and with constant initial parameter a is a mixture of 
reversible Markov chains in conductance Cx,y = Px,yG^'^~^^^ , where Px,y are gamma(a, 1) 
independent random variables. As in Corollary [H there exists a constant C > such 
that 

E f/i^^((c.,,/c,o)^/^)) ^ CEf(/3,,)i U-^(e*^/^)4«/^'^(e*^/2)^'^'^ 



The rest of the proof is similar to the proof of Corollary [H □ 
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